1. INTRODUCTION William D. Weakley, in [Wl] , studied modules (unitary, over a commutative ring with unity) which are not finitely generated but all of whose proper submodules are finitely generated. Weakley called such modules "almost finitely generated" (a.f.g.). He noted that an a.f.g. module has prime annihilator and that, as a faithful module over a domain, it is either torsion or torsion-free. If torsion-free, it is isomorphic as a module to the domain's quotient field. If torsion, it is Artinian, so Weakley was led to the tools of study of Artinian modules developed by Matlis [Ml, M23 and Vamos [V] . These tools include, for a quasilocal ring (R, M), the injective envelope E,(R/M) of the residue field R/M. The purpose of the present paper is to combine results of [Wl] and [GH2] to characterize the form of a.f.g. modules and the rings which admit such modules, and to describe the a.f.g. submodules of E,(R/M).
In Section 2, we refine a result of [ Wl ] to conclude that, if R is a domain and (F', P) is a discrete rank one valuation domain between R and its quotient field K, then K/V is an a.f.g. R-module if and only if V/P has finite length as an R-module. We also note that another result of [Wl] provides an affirmative answer to a question in [GH2] :
Every a.f.g.-module over a domain D has the form L/N, where L, N are D-submodules of the quotient field of D; indeed, L can be taken to be the localization of D at the (prime) annihilator of the module. 201
In Section 3, we obtain descriptions of the a.f.g. submodules of E,(R/M). We show that if, in a quasilocal ring, the maximal ideal is finitely generated and every finitely generated ideal is an intersection of (possibly infinitely many) primary ideals, then the ring is Noetherian. (Compare [AMN, Theorem 4.11 and [N, (31.8)] .) Section 4 gives a characterization of those rings which admit an Artinian module which is not finitely generated, or equivalently those rings which admit an a.f.g. module. We will also show that a quasilocal ring (R, M) which is complete in the M-adic topology and admits a faithful Artinian module is Noetherian.
Again, all rings we consider are commutative with unity, and all our modules are unitary. The symbol > between sets means proper set inclusion. If F is an R-module and X, Y are subsets of F, R, respectively, then we denote the annihilator of X in R by 0: RX and the annihilator of Y in F by O:,Y.
ALMOST FINITELY GENERATED MODULES
The modules called "almost finitely generated" by Weakley in [Wl ] have also been studied in [GH2] ( as "Jonsson o,-generated" modules) and in [A] (as "almost Noetherian" modules which are not finitely generated). We recall from these three papers the following facts about an a.f.g. module F over a ring R: If an element b of R does not annihilate F, then the R-endomorphism of F which is multiplication by b has finitely generated kernel, so its image, bF, is not finitely generated, and hence is all of F. It follows that the annihilator ideal of F is prime, so that we may assume R is a domain and F is a divisible module over R. Now if F has a nonzero torsion submodule, then since the torsion submodule is divisible, it is infinitely generated and so is all of F; so F is either torsion or torsionfree. If F is torsion-free, then it is a module over the quotient field K of R; since K # R (an infinite-dimensional vector space has infinite-dimensional proper subspaces), K is not finitely generated as a R-module, so the dimension of F over K is 1; i.e., F is isomorphic to K. Now suppose F is torsion; let x be any nonzero element of F and Z be the annihilator of x in R. Since Rx is a Noetherian module, R/Z is a Noetherian ring. If the element b of R has image in R/Z outside the nilradical, then it is a nonzerodivisor on F (for otherwise, since b"F= F for all n, the annihilators of the powers of b would strictly ascend, so their union would be F; i.e., some power of b would annihilate x, a contradiction).
On the other hand, a power of that nilradical is 0. It follows that the inverse image in R of that nilradical is a prime ideal P which is the set of zero-divisors on F, and that every element of F is annihilated by some power of P. Let G be the annihilator of P in F; then G is a nonzero submodule of F. It is easy to check that G is divisible by any element b of R -P (since if y E F and by E G, then, because Pby = 0 and b is a nonzero-divisor, y E G); and so G is a module over the quotient field of the domain R/P. But as a proper submodule of F, G is finitely generated over RIP, so R/P must be a field, i.e., P must be maximal. It follows that any proper submodule of F is a Noetherian module over the zero-dimensional ring R/P" for some n and hence is Artinian; so F itself is Artinian.
The above reflections are drawn largely from [ Wl 1; let us note in addition the following facts: (1) An a.f.g. module is the union of a chain of cyclic modules. (This follows immediately from divisibility and the fact that any strictly ascending chain of submodules has union the whole module. It also appears in [GH2, Proposition 2.31.) (2) Any Artinian module which is not finitely generated has a.f.g. submodules, namely the minimal elements among the submodules which are not finitely generated. (3) An Artinian module over a zero-dimensional ring is finitely generated. (For if it were not finitely generated, it would have an a.f.g. submodule, whose prime annihilator must be maximal; but, again, a field does not admit an a.f.g. module.)
In [GH2] , the authors ask whether every a.f.g. module over a domain D has the form L/N where L, N are submodules of the quotient field of D. They prove that this is the case for a Prufer domain; indeed, the Artinian a.f.g. modules over a Prufer domain D are, up to isomorphism, the modules D,lD,, where P is any maximal ideal of D such that PD, is principal and Q is the intersection of the powers of P. Proposition 1.8 of [Wl ] enables us to give an affirmative answer for every domain: It states that if a domain R has a faithful a.f.g. module F, then there is a ring S (in fact, an "almost DVR"-see below) between R and its quotient field K and an ideal I of S such that Fz K/I. Hence if F is an a.f.g. module over any domain D, we can let Q = 0: oF, R = D/Q, K be the quotient field of R, and f denote the natural epimorphism D, -+ K. Then since F is faithful over R, Weakley's result provides a ring S and its ideal I within K so that Fz K/Z= De/f-'(0 Weakley also provides a partial converse to his Proposition 1.8 in his Proposition 2.3: Let R be a domain with quotient field K, V a discrete (rank one) valuation ring between R and K, and g a generator for the maximal ideal of V. Then K/V is a torsion a.f.g. R-module if and only if (a) V/Vg is an R-module of finite length and (b) for every R-module L such that VG L < K, there is a positive integer k such that gkL c V. By adapting the argument for [GH2, (3.4) ], we refine this result in proving that (a) implies (b). Also, since Weakley's Proposition 1.8 is stated in terms of an "almost DVR", it may be worthwhile to prove our partial converse in that context. Recall that an almost DVR is defined to be a domain S whose integral closure (in its quotient field) is a discrete rank one valuation ring which is a finite module over S. It is clear that an almost DVR is a quasilocal domain, and Eakin's theorem [Ma, p. 263) shows it is Noetherian. LEMMA 2.1. Let R be a domain with quotient field K and ( V, M) be a discrete rank one valuation ring between R and K with associated valuation v on K. Assume that VJM is a finite field extension of RJ(R n M). If L is an Rmodule between V and K such that the set of v-values of elements of L is not bounded below, then L = K.
Proof
We will find a positive integer s with the property that, for any nonzero element z of K, V+ zR contains every element of K of v-value greater than or equal to u(z) + s. The result then clearly follows.
Let g be a generator for the maximal ideal of V and set 1, = R n Vg" for each positive integer n. Then we can find a, ,..., a,, b E R such that al/b,..., a,/b is an R/Ii-basis for V/Vg; note that u(al) = *.m = v(a,) = v(b) = t, say. Also, write g = h/k where h, kE R, and set s= t + (v(h) -1) (v(k) -1). Then for all positive integers n > s, we can solve the equation n-t =pv(h) + qv(k) in nonnegative integers p, q and so find an element c, = hPkY of R of value n -t. Now I,,/I,+ , is always an R/Z,-subspace of Vg"/ Vg" + I, and multiplication of V/Vg by b shows that Z,/Z,+ i is all of vg'/vg'+'; so if n > s, multiplication of Vg'/Vg'+ ' by c, shows that I,/I, + 1 = Vg"/ Vg" + '. Thus, if x E K and v(x) > s, then there is an element r of R such that v(x -r) > u(x). Now let z be any nonzero element of K, and take y E K such that v(y) > v(z) + s. Since v( y/z) 2 s, we can find rl in R such that v( y/z -rl) > v(y/z). And we can find r2 in R such that v( y/z-r1 -r2) > v( Y/Z--~). Continuing, we will be able to find r = r, + rz + ... (with no more than -v(z) terms) in R such that v( y/z -r) > -v(z), so that y -rz has positive value and hence is in V. 1 PROPOSITION 2.2. Let R be a domain with quotient field K and (S, M) be an almost DVR between R and K. Then K/S is an a.f.g. R-module if and only tf S/M is an R-module offinite length.
Proof: Let V denote the integral closure of S and g be a generator for the maximal ideal of V.
( -+ ) Since K/S is a torsion a.f.g. module, it is Artinian; so the same is true of its quotient K/V. Now S/ME V/VggVg-'/V<K/V, so S/M is Artinian and finitely generated, so it has finite length.
( +-) Since V is a finite module over S, there is a nonzero element c of the conductor of V into S, and K/S is a nonzero quotient of K/cVrK/V. So it suffices to -show that K/V is an a.f.g. module. Let L be an R-module with VE L < K. Since V/Vg is a finite field extension of SfM and hence of R/(R n Vg), the lemma shows that L & Vg -' for some positive integer k. Since for n = l,..., k each Vg-"/Vgmn+' has the same finite length over R as V/Vg, it follows that L/V is of finite length. But K/V is not finitely generated over V, hence certainly not over R. 1
SUBMODULES OF E,(R/M)
In this section we consider the injective envelope of a simple module over a quasilocal ring. Throughout the section, R will denote the ring, M its unique maximal ideal, and E = E,(R/M) the injective envelope of its residue field. Matlis [Ml] provides the following background on E: For any ideal Z in R, it is easy to check that the annihilator of Z in E is the injective envelope of R/M regarded as an R/Z-module; i.e., 0: EZ= ER,,(R/M). Also, E is the "universal injective" over R, in the sense that, if x is any nonzero element of any R-module F, then there is R-module homomorphism f: F + E for which f(x) ~0. (To see this, let G be a submodule of F maximal with respect to the property of not containing X; then (Rx + G)/G is a copy of RIM. Any isomorphism from (Rx + G)/G to R/M extends to a homomorphism F/G --$ E, which can be composed with the natural homomorphism F + F/G to give the required J) As a result, the function assigning to each ideal in R its annihilator in E, which is clearly inclusionreversing, is injective. (For, if J# Z are ideals of R and b E I-J, then any homomorphism f: R/J -+ E for which f( b + J) # 0 gives an element f( 1 + J) annihilated by J but not by Z.) Hence, if E is Artinian, then R is Noetherian. The converse is also true; it follows from "Matlis duality" [M2, Corollary 4.31: If (R, M) is a local (Noetherian) ring, then E is naturally a module over the completion R* of R in the M-adic topology, in such a way that the R*-submodules of E are the same as the R-submodules; and the annihilator functions ZH 0 : EZ and FH 0 : ..F are inverse inclusion-reversing bijections between ideals of R* and submodules of E. Moreover, if F-c G are submodules of E such that either of the lengths of G/F or (0: R*F)/(O: R.G) is finite, then both lengths are finite and they are equal.
We will frequently use Matlis duality in the case of an Artinian ring, which is already complete because its maximal ideal is nilpotent. To Matlis' results above, we add the following observations: Even if R may not be Noetherian, the following statements are equivalent for an ideal Z of R: (1) Z is the annihilator of an element of E. (2) R/Z is isomorphic to a submodule of E. (3) R/Z has principal essential socle. (Recall that the "socle" of a module is the sum of its simple submodules, and that a submodule is "essential" if and only if every nonzero submodule has nonzero intersection with it.) (4) There is an element b of R. such that Z is maximal among the ideals which do not contain b. (5) Z has a "unique minimal overideal;" i.e., there is an ideal which is included in every ideal that properly includes I. In view of (4), it is easy to see that every ideal in R is an intersection of ideals each of which has a unique minimal overideal. If an ideal J is the intersection of a finite number of ideals each having a unique minimal overideal, then the number of such ideals in an irredundant intersection is equal to the dimension of the socle of R/J as an R/M-vector space; so this number is uniquely determined by J. (To see this, suppose Ii,..., Z,, are maximal with respect to not containing bl,..., b,, respectively, and each Zj does not include the intersection Jj of the ideals Ii, i #j. Then since Jj + Zj properly includes Zj, it contains bj, so there is an element cj of Jj such that cj + Zj = bj + 4. It is easy to check that the images of cl ,..., c, in R/(Z, n . . . n Z,) are R/M-linearly independent elements of the socle; they generate an essential submodule, so that submodule must be the entire socle.)
Suppose an ideal Z in R is maximal among those not containing the element b, and that Z is an intersection of (possibly infinitely many) primary ideals. One of these misses b and so is equal to Z, so Z is primary. Moreover, the fact that Z includes Mb implies that Z has radical M. Thus the following conditions on R are equivalent: (1) Every ideal is an intersection of (possibly infinitely many) primary ideals; and (2) Every ideal with a unique minimal overideal is M-primary. In particular, if R is a Laskerian ring (i.e., one in which every ideal has a finite primary decomposition), then R satisfies (1) and (2). The following two conditions are equivalent to each other and imply (1) and (2): (3) Every ideal of R with a unique minimal overideal contains a power of M; (4) Every element of E is annihilated by some power of A4. A strongly Laskerian ring (i.e., a Laskerian ring in which every ideal contains a power of its radical) satisfies (3) and (4) .
In [W2], Weakley calls a module "terse" if and only if any two distinct submodules are not isomorphic. He notes that this is equivalent to the condition that any two distinct cyclic submodules are not isomorphic, i.e., that if two elements have the same annihilator, then the cyclic submodules they generate are equal. He also notes that, for a local (Noetherian) ring R, Maths duality implies that E is terse. We can extend this as follows:
is terse if and only if, for every ideal Z in R with a unique minimal overideal, R/Z is injective as a module over itself. Thus, R being strongly Laskerian does not imply that E is terse, but if R is an N-ring, then E is terse.
Note. An N-ring is defined in [GHl ] to be a ring (not necessarily quasilocal) in which each ideal Z is contracted from a Noetherian extension ring (which may vary with I). An N-ring is strongly Laskerian [GHl, Proposition 2.141 Proofi Suppose first that each R/Z is self-injective, and suppose x, y in E satisfy Rxz Ry. Then x, y have the same annihilator Z, and Rx, Ry are injective R/Z-modules. Thus Rx = ER,,( R/M) = 0 : EZ, and similarly Ry = 0: EZ, so Rx = Ry. Therefore E is terse. Conversely suppose E is terse, and let Z be an ideal of R with a unique minimal overideal; pick an element x of E with annihilator Z. To show R/Z is self-injective, we need only show that 0 : EZ& Rx, so take y in E annihilated by I. If Z= 0: Ry exactly, then Ry = Rx by terseness; and if Z= 0: R(x + y), then similarly y E Rx. So assume I< (0: Ry), I< 0: R(x + y). Then since Z has a unique minimal overideal, Z<(O:Ry)n(O:R(x+y))=O:R(y,x+y)cO:Rx=Z, acontradiction.
It is possible to find a quasilocal ring (R, M) in which M4 = 0, R has principal socle, and there are many principal ideals of R having the same annihilator. (See [HL2, consequence IV of Construction 2.41, which refers to [HLl, Construction 2.11.) Because M is nilpotent, R is strongly Laskerian and has essential socle, so it can be embedded in E. But then those different principal ideals with the same annihilator show that E is not terse.
Finally, it follows from the note that if R is an N-ring, then E is terse. 1
Professor Edgar Enochs has answered in the affirmative a question posed in an earlier version of this paper: A quasilocal ring (R, M) which is self-injective and in which M is nilpotent must be Noetherian. We are grateful for his permission to include his proof: For any R-module G, denote the Maths dual Hom.(G, E) by G'. The natural map G + G" into the double dual is always injective (because E is the universal injective over R); if it is an isomorphism, we call G "reflexive". Now if 0 + A -+ B--t C -+ 0 is exact and B is reflexive, then A and C are also reflexive. (To see this, apply the snake lemma to the diagram
Apply this with B= R (which is reflexive because, under our present hypotheses, E = R) to see M" is reflexive for any nonnegative integer n, and hence so is Mn/Mn+ '. Setting k = R/M, we see (M"/M"+ ')' 2 Hom,(M"/M"+ ', k), so M"/M n + ' is reflexive as a vector space over k. But this implies that its dimension over k is finite, so M is finitely generated.
In connection with this remark, we pose the following questions:
(1) Are there necessary and sufficient conditions on E for R to be an N-ring? That E he terse is necessary but not sufficient, since Weakley [WZ] notes that E is terse if R is any almost maximal valuation ring. In view of [HLl, Theorem 2.31, it is true that R is an N-ring if and only if, for any fixed ideal A and chain of ideals B, > B, > . . . , in R, the descending chain of submodules 0: E(A: RBn) of E stabilizes; but this is more justly termed a condition on R than a condition on E.
(2) If M is nilpotent and, for every ideal Z with unique minimal overideal, R/Z is Noetherian, must R be an N-ring?
The following proposition is an easy consequence of [F, Theorem 2.71; in fact, Facchini's result would allow us to drop the hypothesis of principal socle. We are grateful to Professor Thomas Shores for acquainting us with Facchini's work. This corollary led us to a result that has appeared in several forms: A quasilocal ring (R, M) is Noetherian if M is finitely generated and (1) [AMN, Proposition 4 .11 every finitely generated ideal is an intersection of finitely many primary ideals; or (2) [N, (31.8)] every finitely generated ideal is an intersection of possibly infinitely many ideals primary for M; or (3) (our first version) every ideal is an intersection of possibly infinitely many primary ideals. Fortunately, the "greatest lower bound" of these conditions is sufficient: PROPOSITION 3.4. A quasilocal ring (R, M) is Noetherian tf M is finitely generated and every finitely generated ideal is an intersection of (possibly infinitely many) primary ideals.
Proof Since M is finitely generated, the M-adic completion T of R is Noetherian; so it suflices to show that every finitely generated ideal of R is contracted from T. Now each M-primary ideal contains a power of M and. so is contracted from the inverse limit T of the rings R/M". So it suffices to show that every finitely generated ideal is an intersection of M-primary ideals.
Let Z be a finitely generated ideal of R and b be an element of R-Z. Since (bM+ Z)/Z< (bR + Z)/Z by Nakayama's lemma, b is not in bM + Z. Since bM+ Z is finitely generated, there is a primary ideal Q including bM + Z (and hence I) but not containing b. Since Q includes bM but b is not in Q, M is included in and hence equal to the radical of Q. Thus Z is an intersection of M-primary ideals. 1
To ensure that a submodule F of E is almost finitely generated, we apparently need to impose an explicit condition on an associated chain of ideals. is almost finitely generaied if and only if there is a chain of ideals I, > z, > . . ' ) in (R, M) such that F= IJ,(O : EZn), each R/Z,, is Artinian, and for any chain of ideals J, > Jz > . . . , with the property that each J,,, includes some Z,,, it is also true that each Z,, includes some J,,,.
Proof: ( -+ ) Write F= Un Rx, where each x, is a multiple of x,+ 1, and Z, = 0 : Rx,. Then R/Z, 2 Rx, is Artinian, and since 0 : EZn and its submodule Rx, have the same annihilator in R/Z,,, they are equal, so F= U,(O:,I,). Suppose we have a chain of ideals J, as in the proposition. Then the submodules 0: J,,, are strictly ascending in F, so their union is F. Hence for each n, Rx, = 0 : EZn is included in some 0 : EJm, so Z,, includes that J,.
( +-) Since F is the union of the strictly ascending chain of submodules 0: EZ,,, it is not finitely generated. On the other hand, suppose G is a submodule of F. If G is contained in some 0 : EZn, then it is finitely generated, since 0: EZ, is the injective envelope of R/M over the Artinian ring R/Z, and hence is Noetherian. So it suffices to show that if G n (0: EZ,,) is a chain of submodules which does not stabilize, then G = F. But J, = O:,JGn (O:,Z,)) includes Z,, so by hypothesis each Z, includes some J,, and hence 0 : EZn s 0 : EJ,,, s G, so that FS G. 1
The properties of the chain of ideals Z, in Proposition 3.5 are not easy to recognize in particular situations, so alternative formulations may be useful. We offer one in Proposition 3.7: Now let b 1 ,..., 6, be as above, and let c E M*. Since the images of b, ,..., 6, generate the maximal ideal M/Z, of R/Z,, we can find elements a,,, ,..., a,,s of R so that c -Z;aIjbj is in Z2 E M2 + Z2 = M* + Z,. Then we can find u2,, ,..., a,, in M so that c -CiaIjbi -Eia21jbj,is in I, G M3 + Z3 = M' + Z4. Continuing, we find aij in M'-', for i = l,..., n and j= l,..., s, so that c -zj(C;=, aij) bj is in Z, + , . For each j= l,..., s, the sums Cy= I aij form an M*-adic Cauchy. sequence in R*, which has a limit a, in R*. Since c-zjajbj has image 0 in every R/Z,,, it is 0 in R*. Hence bI,..., 6, generate M*. 1 PROPOSITION 3.7. Let I, > I2 > . . . , be a chain of ideals in the quasilocal ring (R, M) such that each R/Z,, is Artinian, and let E = E,(R/M). Then u,,(O : EZ,,) is almost finitely generated if and only tf, for each positive integer n, there is an integer m 2 n with the property that, for any ideal J which includes some Z, but is not included in I,,, J includes Z,.
Proof
Set F= Un(O:EZn). (+) S ince F is the union of a strictly ascending chain of submodules, it is not finitely generated. Let G be a submodule of F, and suppose G does not include some 0 : EZ,. Then for each x in G not annihilated by I,,, J = 0 : R~ is an ideal of R not contained in Z,, but containing some Z,. Thus for m related to n as in the proposition, Z,x = 0. Of course, if x in G is annihilated by Z,, then again Zmx= 0, so G is included in 0: EZm. Since 0: EZ,,, is the injective envelope of R/M as a module over the Artinian ring R/Z,,,, G is finitely generated.
( + ) Let R* denote the inverse limit of the rings R/Z,, I,* the kernel of the canonical epimorphism from R* to R/Z,,, and M* the maximal ideal of R*. Since F is Artinian, (0: FM2)/(O: rM) is finite dimensional as a vector space over R/M. Its dimension is a bound for the dimension of M/(M* + Z,) as n increases, so by Lemma 3.6 R* is Noetherian. Since F is a faithful almost finitely generated R*-module, it follows from Proposition 2.6 of [Wl ] that R* is a l-dimensional domain. Thus by [N, (30. 3), (30.5), (32.1)], the integral closure V of R* is a discrete rank one valuation ring and a finite R*-module (i.e., R* is an almost DVR). Let v be the valuation on the quotient field of R* associated with V, c be a nonzero element of R* such that R* includes CT/, t= u(c), c denote the ideal of elements of R* of u-value at least n, and for each nonzero ideal .Z* of R*, u(J*) be the minimum u-value of an element of J*; then .Z* includes J&y+ ,+ For each positive integer n, let n' = u(Z,*) + t and m be an integer greater than or equal to n such that Z,l: is included in (M*)"'+'. (Such an m exists by [ZS, p. 270, Theorem 131.) Then Zz is also included in Jz,+ ,. If J* is an ideal of R* not included in c, then J* is not included in J$, so v( J*) > n'; thus J* includes J$ + f and hence 12.
We have just seen that the condition of the proposition holds in R* (for all nonzero ideals J*, not just those including some I,*). But ideals in R which include some Z, are contractions of ideals in R* (which include some I,*), so the condition holds in R. 1
RINGS WITH A.F.G. MODULES
The results in this section arose from our interest in describing those rings which admit an almost finitely generated module; or equivalently, those rings which admit an Artinian module which is not finitely generated (cf. [Wl] or Proposition 4.5). So we begin with two more remarks on the Artinian condition. The first says, in essence, that restriction to quasilocal rings is not too limiting: Remark 4.1. A module F over a ring R is Artinian if and only if F has only finitely many (Bourbaki-weakly) associated primes, all of them maximal ideals of R, and for each associated prime M, F, is an Artinian R,-module.
Proof ( c ) If a maximal ideal M of R is not an associated prime of F, then for each x in F, 0: Rx is not included in M (since all of the primes minimal over it are other maximal ideals and hence not included in M), so x/l =0 in FM; thus, F,,, = 0. Hence any descending chain of submodules of F has a point beyond which all its localizations at maximal ideals are stable.
( --f ) Clearly, each FM is an Artinian module. If P is a prime of R minimal over 0: Rx for some x in F, then since R/(0: R~) is Artinian, P is maximal. Also, some power of P annihilates a nonzero multiple of x, so P annihilates a nonzero element of the socle of F. But the socle is finitely generated, so there are only finitely many such P. 1
An important result of Vamos [V, Proposition 2*; SV, Theorem 3.121 is that a module is Artinian if and only if every factor module is "finitely embedded," i.e., an essential extension of its socle, which is finitely generated. This result can be rephrased as: A module is Artinian if and only if every submodule is a finite intersection of submodules, each of which has the property that the collection of submodules properly including it has a unique minimum element. In the case of a ring we can recast this: Remark 4.2. A quasilocal ring (R, M) is Artinian if and only if M is nilpotent and there is a positive integer n such that every intersection of a finite number of ideals with unique minimal overideals is an intersection of at most n such ideals.
ProoJ If R is Artinian, then its length will serve as the bound n. For the the converse, note that the fact that A4 is nilpotent assures that every factor of R has essential socle; and the bound n assures that the dimension of the socle of any factor is never infinite, for if it were then we could find a factor with socle of dimension n + 1. 1
The first main result of this section shows that, when the ring is complete and the module faithful, the existence of a module of one of the kinds under discussion imposes a strong condition on the ring. PROPOSITION 4.3 . Let (R, M) be a quasilocal ring which is complete in the M-adic topology. If R admits a faithful Artinian (resp. almost finitely generated) module, then R is a Noetherian ring (resp. a I-dimensional Noetherian domain).
Proof Let F be a faithful Artinian R-module. Then the socle of F has a finite basis x1,..., x, as an R/M-vector space, and we can find submodules F I ,..., F, of F such that F, contains xi for all i #j and Fj is maximal among the submodules which do not contain xj. Then the socle of F/Fj is principal (generated by the image of x,), and F, n .. n F, is a submodule of F which has intersection 0 with the socle, so it is 0. If J, denotes the ideal Fj: RF of R, then F/F, is a faithful module over R/J,, which is still complete in the MIJ,-adic topology. Since F, n ... n F, = 0, we have J, n ... n J, = 0, so it suffices to show that R/Jj is Noetherian. Hence we may assume that F has principal socle, so that F is a submodule of EdRIM). Now set Z, =0: .(0:,X") and R* = bR/Z,; by Lemma 3.6 we get a Noetherian ring R*, over which F is a faithful module, and a natural homomorphism R + R*. Since F is faithful over R, the homomorphism is an embedding. The proof of Lemma 3.6 shows that every element of the maximal ideal M* of R* is a linear combination of a finite set of elements of A4 with coefficients the limits of A4-adic Cauchy sequences in R. Since R is complete and R/M= R*/M*, this implies R = R*; i.e., R is Noetherian. Now suppose F is a faithful a.f.g. module over R. If F is torsion-free, then by [Wl, Proposition 1.41 or [A, Theorem 2.11, R is an almost DVR; so suppose F is torsion and hence Artinian. Then we saw in Section 2 that R was a domain, and the first part of the proof shows that R is Noetherian. The fact that R has dimension 1 is a consequence of [ Wl, Proposition 2.61. i
It is interesting that, although this result applies to a complete quasilocal ring, it cannot be used directly in passing to the completion of a quasilocal ring. For instance, let k be a field, x be an indeterminate, and x, =x, x2, x3,..., be algebraically independent elements of k [[x] ], all with constant term 0. Let R be the localization of k [x,, x2 ,..., ] at (x,, x2 ,...,) and M be its maximal ideal. Then R admits a faithful torsion a.f.g. module, because the intersection of k [[x]] with the quotient field of R is a discrete rank one valuation ring which has the same residue field, k, as R (cf. Proposition 2.2). Thus R has an embedding into the Noetherian ring we have denoted R*, which is complete in the M-adic topology. But M/M2 is not finitely generated, so the usual M-adic completion T of R is not Noetherian. In fact, there is a canonical homomorphism from T to R*, but it is not injective; or, in other words, though the a.f.g. module is a module over T, it is not faithful over T.
A consequence of the last proposition and Lemma 3.6 is an alternative to [F, Theorem 2.71 and extends Proposition 3.3. ( -+ ) Again, for every element x of F, R/(0: R~) is Artinian, so some power of M annihilates x. Since 0: FM is an Artinian vector space over R/M, it is finitely generated. And F is a faithful Artinian module over R*, which is complete in the adic topology generated by its maximal ideal; so by Proposition 4.3, R* is Noetherian. 1 Suppose (T, N) is an algebra over (R, M) so that M = R n N and RIM= TIN. Then a T-module of finite length is clearly an R-module of the same length. But it is false that an Artinian T-module must be an Artinian R-module: Let k be a field, a, b be indeterminates, R = k[a](,,, and T= kCa, bl,,,,,. Then E,(k) is an Artinian T-module; but if x, is an element of Edk) whose annihilator in T is aT + b"T, then the R-submodule z,Rx, is not Artinian. Now suppose rather that T/MT is a finitely generated R-module and that F is an Artinian T-module. By Corollary 4.4 the inverse limit T* of the factor rings T/(0: T(O: FNm)) is Noetherian. The powers of N and of MT are colinal, so T* is also the inverse limit of the factor rings T/J, where J, = 0: r(O:rMnT).
Moreover, O:,M"T= O:rM*, so if I,, = 0: R(O:FMn), then 1, = J, n R and the inverse limit R* of the rings R/Z, is a subring of T*. As in the last paragraph of the proof of Lemma 3.6, we can show that a finite subset of T whose images generate the R-module T/MT must generate the R*-module T* (see [ZS, p. 259, Corollary 11) . By Eakin's theorem [Ma, p. 2631, R* is Noetherian. Now every element of F is annihilated by some power of N, hence by some power of M; i.e., F = lJ,(O: &P). And 0: FM is annihilated by a power N" of N included in MT; since 0: FNs has finite length as an R-module, the same is true of 0: +U. By Corollary 4.4, F is an Artinian R-module. (We are led to this argument by the fact that, since an R-submodule G of F need not be a Tsubmodule, it is not immediate from the hypotheses that the socle of F/G is finitely generated.)
We conclude with the promised characterization of those rings which admit Artinian modules which are not finitely generated: PROPOSITION 4.5. For a ring R, the following statements are equivalent:
(1) R admits an Artinian module which is not finitely generated.
(2) R admits an almost finitely generated module. (3) For some maximal ideal M of R, R, admits an almost finitely generated module.
(4) For some maximal ideal M of R, R, admits an Artinian module which is not finitely generated.
(5) R has a strictly descending chain of ideals I, > I2 > * .+ , all having radical the same maximal ideal M, such that the descending chain of ideals M2 + I,, stabilizes at an ideal M2 + I, for which Mf(M'+ I,) is finitely generated.
Proof
( 1) + (2) In the given module, pick a submodule which is minimal among those which are not finitely generated.
(2) + (3) Let F be an almost finitely generated R-module. If F is torsionfree over R/(0: RF), we may factor out any proper nonzero submodule. So we may assume that F is Artinian. Then there is a maximal ideal M of R such that the annihilator in R of each element of F is contained in M. Since F is divisible by elements not in 0: RF, it is naturally an R,-module, and all its proper R,-submodules are finitely generated. But F is divisible by an
